ABSTRACT This paper proposes a new adaptive law for a sliding mode control (SMC) scheme to achieve the effective switching gain tuning near the sliding surface. The proposed adaptive law makes the switching gains rapidly and effectively decrease near the sliding surface to provide the well-functioning adaptation while avoiding the sign changes caused by excessive adaptation. Such an adaptation mechanism contributes to chattering reduction and fast adaptation of the switching gains without temporary large tracking errors. The proposed adaptive SMC (ASMC) works together with a time-delay controller (TDC) for a more practical implementation based on a model-free controller. Fortunately, the proposed ASMC has an additional benefit of suppressing time-delay estimation errors inherently arising from the TDC. In other words, the proposed ASMC acts in synergy with the TDC. The simulations are performed, and the comparisons are made with the existing control schemes to illustrate the good tracking performance of the proposed ASMC. These simulations have shown that with a 2 degree-of-freedom robot manipulator, the proposed ASMC has a good nominal and robust performance with a very strategic adaptive law.
I. INTRODUCTION
Sliding mode control (SMC) is well known as an effective nonlinear control scheme under model uncertainties and unknown external disturbances. Many control applications have been developed with SMCs, which include electromechanical systems [1] , inverted pendulum systems [2] , and robot manipulators [3] , to enhance robustness against various uncertainties arising from real systems. Such practical SMCs require large switching gains to achieve robustness to uncertainties with known bounds and, hence, tend to suffer from chattering that reduces the performance and degrades the actuators. Improved versions have been developed with high-order SMC [4] , [5] , continuous SMC [6] , [7] , low-pass filtering [8] , [9] , and so on to mitigate undesirable chattering. As a more flexible method, switching gains of SMCs were not fixed, but made variable adaptively without knowledge on an upper bound on uncertainties.
Adaptive SMC (ASMC) schemes have been developed to employ well-timed adaptive switching gains depending on the tracking errors and overcome the chattering problem in a more fundamental way [10] - [12] . These ASMCs adjust their switching gains online without regard to an upper bound on the unknown model uncertainties and external disturbances. However, in real systems, they still have chances of inducing chattering by monotonically increasing switching gains [10] and providing the slow adaptation speed of the switching gains [11] , [12] . As another approach to resolving issues on chattering and slow adaptation speed, ASMCs have been developed to ensure finite time convergence and perform high-precision control with a fast response [13] - [15] . However, some problems have not yet been solved by these approaches. Chattering still occurs because of nondecreasing switching gains [13] , [14] . Moreover, the inefficient management between performance and chattering results from the estimated upper bounds of uncertainties and disturbances [15] . The adaptive law depending on the sliding variables is proposed, which makes the derivatives of the switching gains inversely proportional to them near the sliding surface [16] , to effectively handle the trade-off between performance and chattering without respect to the magnitudes of uncertainties and disturbances. It makes switching gains rapidly decrease near the sliding surface, such that a fast adaptation speed can be achieved, and chattering is alleviated. Theoretically, this adaptive law is very ideal for a good tracking performance with less chattering and a fast adaptation speed, which can be confirmed in simulation studies or in a good hardware environment.
From a practical implementation perspective, a theoretically proven fast adaptation of the switching gains near the sliding surface is difficult to obtain in a cost-effective hardware environment with insufficient computing power. Adaptive switching gains may provide excessive change if the sampling time is not sufficiently small because of limited computing capability; hence, their signs may change in recomputing them for the next step near the sliding surface, which temporarily leads to large tracking errors. Employing additional parameters and making the derivatives of switching gains proportional to the sliding variables at the sacrifice of chattering reduction and fast adaptation speed have been tried to deal with such improper adaptation [17] . In this regard, developing a new type of ASMC that achieves both fast adaptation speed and chattering reduction without improper excessive adaptation would be practically meaningful.
This study proposes a new adaptive law for ASMC to provide effective fast adaptation near the sliding surface and reduce chattering with proper adaptation. The proposed adaptive law adjusts the switching gains in the vicinity of the sliding surface to achieve fast adaptation and chattering reduction while avoiding excessive adaptation. According to the adaptive law, the sliding variables move toward and stay in an arbitrarily small vicinity of the sliding surface. Away from the sliding surface, the derivatives of the switching gains are proportional to the magnitudes of the sliding variables, which guarantees robustness without information on the upper bounds of uncertainties. In the vicinity of the sliding surface, they are proportional to the negative exponential of the magnitudes of the sliding variables, which contributes to chattering reduction and fast adaptation of switching gains without temporary large tracking errors caused by excessive adaptation. For this reason, the proposed ASMC could be said to have a good tracking performance even in a costeffective hardware environment with a relatively large sampling period. For a more practical implementation based on a model-free controller, the proposed adaptive SMC (ASMC) works together with a time-delay controller (TDC) [18] , [19] . Fortunately, the proposed ASMC has an additional benefit of suppressing the time-delay estimation (TDE) errors inherently arising from the TDC [20] - [23] . In other words, the proposed ASMC acts in synergy with the TDC. The tracking errors of the proposed ASMC are uniformly and ultimately bounded (UUB) using a Lyapunov approach. Simulations are performed, and comparisons are made with existing control schemes to illustrate the good tracking performance of the proposed ASMC. These simulations have illustrated that with a 2 degree-of-freedom (DOF) robot manipulator, the proposed ASMC has a good nominal and robust performance with a very strategic adaptive law. This paper is organized as follows: Section II briefly introduces the TDC for a general uncertain nonlinear multi-input multi-output (MIMO) system; Section III presents the design of the ASMC for general nonlinear MIMO systems with effective switching gain tuning near the sliding surface, and depicts the performed simulations and the comparisons made with the existing control schemes; and finally, Section IV concludes the study with a brief summary of this paper.
II. TIME-DELAY CONTROL
The dynamics of an uncertain nonlinear MIMO system can be described as follows:
where
= 0 are the known nonlinear functions; g t = [g 1,t , g 2,t , . . . , g n,t ] ∈ n is the unknown bounded disturbance satisfying ||g t || ≤ l g for l g > 0; and
The system model (1) can be compactly expressed as follows:ẍ
∈ n , and b ∈ n×n is a constant diagonal matrix to be determined later on.
The control objective herein is to steer the state x t along the desired state x d,t ∈ n , which means that the tracking error e t = x d,t − x t ∈ n should be as close as possible to zero. h t is unknown; hence, we use its estimateĥ t that will be discussed later on. The TDC is constructed as follows:
. . , k sn ) ∈ n×n is a positive matrix designed for guaranteeing stability.
As a simple estimate of h t ,ĥ t in (3) can be obtained from its one-sample time-delayed measurement as follows:
where L is called a time delay constant that is often taken to be a sampling time period for easy implementation. We obtained the following from a system model (2) and the TDE (4):
It then follows that putting (3)- (5) together yields:
By substituting the control input (6) into (2), the system model (2) can be rewritten as follows:
If the constant gain matrixb in (2) is chosen to satisfy the following condition [24] I − b tb < 1 (8) for all t ≥ 0, then the TDE error or
. . ,h * n ] and the stability is also guaranteed by the boundedness of the TDE errors. Furthermore, It is easier to chooseb to be smaller to satisfy the above condition (8), but TDE errors will become larger and more dynamic. This is another reason ASMC is needed.
In the following section, the ASMC with effective switching gain tuning near the sliding surface will be designed based on the above-mentioned model-free TDC.
III. ASMC WITH EFFECTIVE SWITCHING GAIN TUNING A. CONTROL DESIGN
The sliding variable s t is designed as follows:
. . , k sn ) ∈ n×n is a positive matrix designed for adjusting the convergence rate.
Using the sliding variable s t in (9), we propose the following ASMC based on the TDC: (10) where
. . ,k n,t ) ∈ n×n are positive matrices to be determined later on. Note that the switching gainK t plays a role in suppressing the disturbances and uncertainties. Its adaptive law is proposed as follows:
where ϕ i , γ i , and β i are positive gains for adjusting the adaptation speed, and θ t is given by sgn( s t ∞ − ε) for a positive ε. The Appendix shows that ε affects the ultimate bound of the sliding variable s i,t . As seen in the proposed adaptive law (11), the information on the upper bounds of uncertainties and disturbances are not required. Furthermore, two terms |s i,t | and β i e −|s i,t | in (11) are dominant for large and small |s i,t |, respectively. In other words, the proposed adaptive law has two gain terms, whose dominance are alternated according to the magnitude of the sliding variable.
• For large s t ∞ or s t ∞ ≥ ε When the magnitude of the i-th component of s t , or |s i,t |, is far away from zero and larger than ε, |s i,t | is dominant over β i e −|s i,t | in the adaptive law (11) since β i e −|s i,t | is almost zero. The derivatives of the switching gainsk i,t are highly affected by |s i,t | and hence they increase for fast convergence until |s i,t | reaches the vicinity of the sliding surface, or s t ∞ < ε. This adaptive mechanism makes |s i,t | smaller than ε rapidly and hence provides the good tracking performance in the transient response.
• For small s t ∞ or s t ∞ < ε Consider the case where, for i = 1, · · · , n, |s i,t | are less than ε and close to zero. In this case, the switching gain should be as small as possible to reduce chattering. However, the chattering problem may be caused since it takes time to decrease high switching gains with small |s i,t |. For this purpose, β i e −|s i,t | is added in the adaptive law (11), which is dominant over |s i,t | near the sliding surface since |s i,t | is almost zero. It is noted that β i e −|s i,t | does not vanish, but increases as |s i,t | goes to zero. Since the adaptive law (11) is highly affected by β i e −|s i,t | , it guarantees the fast decreasing speed of switching gains and achieves good steady-state performance near the sliding surface. Since β i e −|s i,t | is upper bounded, excessive adaptation arising from existing schemes can be also avoided. The tuning method is described step by step as follows:
Step 1) Choose a proper β i in consideration of the sampling time. As the sampling time becomes large, β i should increase.
Step 2) Fix φ i and γ i in consideration of increasing and decreasing speeds of the switching gains. For fast increasing switching gains, φ i should be large and γ i should be small. For fast decreasing switching gains, φ should be small and γ i should be high. Practically, such trade off should be settled.
Step 3) Repeat Step 1) and
Step 2) once again if the tracking performance does not reach a desired level. Fig. 1 shows a graphical comparison of the adaptive laws of the proposed and existing ASMCs. The derivatives of the switching gains in [10] , [13] , and [14] are taken to be constant, which may induce chattering as mentioned earlier.
In the case of the existing ASMCs [12] , [17] , the switching gains decrease at the rate proportional to the magnitude of the sliding variable near the sliding surface. It takes time to decrease high switching gains with small |s|; therefore, temporary chattering can be observed because of insufficient adaptation. Very high switching gains can be employed to solve such insufficient adaptation problems [16] . However, as shown by the dotted line in Fig. 1 ,K diverges and switching gains become negative as |s| goes to zero. If the sampling time is not sufficiently small due to limited computing capability and hardware limitation, adaptive switching gains may provide excessive change and hence their signs may change in recomputing them for the next sampling time point near the sliding surface, which leads to large tracking errors temporarily.
In the case of the proposed ASMC, the decreasing speed is controllable because the derivative of switching gain has constant value at the sliding surface due to the exponential term. It implies that we can control the sensitivity of switching gain to sliding variable near the sliding surface. The solid line in Fig. 1 illustrates that the adaptive law of the proposed ASMC achieves a compromise between insufficient and excessive adaptation. The adaptation speed of the proposed ASMC has enough power to keep |s| smaller than ε within a short time and reduce chattering becausė K exponentially decreases as |s| goes to zero.K intercepted at |s| = 0 can be adjusted by tuning β.
The proposed adaptive law is guaranteed to be UUB, which is proven in the Appendix.
B. SIMULATION SETUP
Several simulations were conducted to illustrate the performance of the proposed ASMC. The mathematical model of a 2-DOF robot manipulator was provided by: 12 ,
where q i is the angle of joint i; g denotes the gravitational acceleration; s i , c i , and c ij are defined by sin(q i ), cos(q i ), and cos(q i + q j ), respectively; and l i , m i , and α i denote the ith link length, mass, and friction coefficient, respectively. The relevant parameters are set to be m 1 = 9 kg, m 2 = 6 kg, l 1 = 0.4 m, l 2 = 0.2 m, and α 1 = α 2 = 40. The control gainM = diag(0.08, 0.04) is chosen to satisfy I − M −1 (q(t))M < 1 according to the inequality condition (8) . Since the inertia matrix of a robot manipulator is a periodic function with a period of 2π , the inequality (8) can be guaranteed by ensuring it between 0 and 2π . 
C. PERFORMANCE COMPARISON IN THE JOINT SPACE
The reference joint angle trajectories were given, and comparisons were made in terms of the tracking errors and the switching gains to illustrate the performance in the joint space. For comparison, the existing ASMC [16] was employed, and its parameters were best tuned for its maximum nominal performance. For the robust performance comparison, a payload of 3 kg was carried, and the control parameters tuned without payload were still adopted to evaluate the robust performance. The parameters in (9), (10), and (11) of the proposed ASMC were K s = diag(100, 100), K p = diag (15, 15) , ϕ 1 = 80, γ 1 = 2, β 1 = 10, ϕ 2 = 30, γ 2 = 1, β 2 = 10, and ε = 1, and these parameters of the existing ASMC were ϕ 1 = 80, γ 1 = 2, ϕ 2 = 100, γ 2 = 3.
1) NOMINAL PERFORMANCE IN THE JOINT SPACE
For the given reference angles in the joint space in Figs . When |s| is smaller than ε (i.e., |s| < ε), the switching gains of the proposed and existing ASMCs are proportional to 1/|s| and β i e −|s i,t | , respectively. This is why the proposed and existing ASMCs provide robustness to the TDE errors and have smaller tracking errors compared with the pure TDC (Fig. 3) . Both of them show a fast adaptation speed and a similar nominal performance when no payload is present.
2) ROBUST PERFORMANCE IN THE JOINT SPACE
A payload of 3 kg was carried after approximately 4 s on the end-tip of a robot manipulator to demonstrate the robustness VOLUME 7, 2019 of the proposed ASMC. The control parameters best-tuned without payload were still adopted to evaluate the robust performance. The moment that the payload was delivered, the TDE errors immediately increased, and a larger switching gain was required to suppress them. It is highly probable that in the process of rapidly reducing the switching gains near the sliding surface, excessive adaptation occurs in the existing ASMC; hence, its performance degrades. As seen in Figs. 4(c) and (d), the switching gains of the existing ASMC became temporarily negative because of their excessive adaptation caused by the payload carried after approximately 4 s, whereas those of the proposed ASMC were relatively insensitive to an external payload because of the adaptive law with a new term β i e −|s i,t | . The proposed ASMC can be said to achieve the effective switching gain tuning. Fig. 5 shows that the proposed ASMC had a better robust performance. The large tracking error happened to the existing ASMC at 4 s, which was not the case with the proposed ASMC. We confirmed through simulation studies that the proposed ASMC can achieve a good tracking performance without excessive adaptation of the switching gains under uncertain systems.
D. PERFORMANCE COMPARISON IN TASK SPACE
The circular reference trajectory was given, and comparisons were made in terms of the tracking errors and the switching gains to illustrate the performance in task space. The corresponding reference angle trajectories were computed by inverse kinematics from the task space to the joint space. As in the comparison in the joint space, the existing ASMC [16] was employed for comparison, and its parameters were best tuned for its maximum nominal performance. In the same manner, a robust performance comparison was made by carrying a payload of 3 kg at 4s and adopting control parameters tuned without payload. The parameters in (9), (10) , and (11) were chosen to be K s = diag(100, 100), K p = diag (15, 15) , ϕ 1 = 100, γ 1 = 2, β 1 = 10, ϕ 2 = 100, γ 2 = 1, β 2 = 10, and ε = 1, and these parameters of the existing ASMC were ϕ 1 = 100, γ 1 = 2, ϕ 2 = 90, γ 2 = 1.
1) NOMINAL PERFORMANCE IN TASK SPACE
The circular reference trajectory in task space was transformed by inverse kinematics into angle trajectories of joints 1 and 2, as seen in Figs Fig. 7(b) ranged from 10.3 to 11 s, which is a part of a full circular reference as seen inside a dotted box. As in comparison in the joint space, the proposed and existing ASMCs showed a similar nominal performance when no payload was present, and both of them were superior to the pure TDC because of their adaptive laws. Fig. 7(b) depicts that the pure TDC had steady-state tracking errors because of the TDE errors.
2) ROBUST PERFORMANCE IN TASK SPACE
A payload of 3 kg was carried at 4 s on the end-tip of a robot manipulator to demonstrate the robustness of the proposed ASMC in task space. As in comparison in the joint space, the control parameters best-tuned without payload were still adopted to evaluate the robust performance. Overall, the results in task space had a similar tendency with those in the joint space. Fig. 8 shows that the switching gain of joint 1 became negative because of the excessive adaptation near the sliding surface and also caused large switching gains of joint 2. In contrast, the proposed ASMC was relatively insensitive to an external payload because of the adaptive law with a new term β i e −|s i,t | . Therefore, the proposed ASMC can be said to achieve the effective switching gain tuning. Fig. 9 shows the tracking errors of the proposed ASMC, the existing ASMC, and the pure TDC with a payload carried at 4 s. The proposed ASMCs are designed to preserve good tracking performance even for uncertain systems by suppressing TDE errors effectively. Robust tracking performance of the proposed ASMCs are illustrated in Fig. 9 which shows the tracking errors with a payload carried from 10 s to 11 s. It can be seen that the proposed ASMC still keeps the good tracking performance even though payload is applied. This is why the proposed ASMCs are said to be robust to uncertainties.
IV. CONCLUSION
This study proposed a new practical adaptive law applied to ASMC for nonlinear dynamic systems to achieve effective switching gain tuning near the sliding surface and offer chattering reduction as well as fast adaptation speed. By employing the negative exponential of the magnitude of the sliding variable near the sliding surface instead of its inverse, the proposed ASMC alleviated the inherent trade-off between chattering and tracking performance without undesirable side effects. Simulation studies have shown that the proposed ASMC has a better robust performance in joint and task spaces than existing control schemes without suffering from chattering. The proposed ASMC was motivated by practical implementation when applying to relatively poor hardware systems. Many other industrial applications with lowcost hardware will be waiting to be developed with the proposed ASMC.
APPENDIX

A. STABILITY ANALYSIS
Consider a Lyapunov function as:
wherek i,t =h i * −k i,t , andh i * is the upper bound of TDE errors Differentiating the Lyapunov function (12) with respect to time t and substituting (9) into (12) yield:
Substituting (2), (5), and (10) into (13), we obtain:
Consider two cases: |s t | ∞ > ε and |s t | ∞ < ε. In the case of |s t | ∞ > ε, by substituting (11) into (14), we obtain: 
According to the Lemma in [16] , the switching gaink i,t can be chosen to bek i,t ≤h * t
then we obtain:
which means that V t is decreasing and bounded because 0 ≤ V t ≤ V 0 ≤ ∞, and |s t | ∞ arrives at the region |s t | ∞ < ε within a finite time t ε > 0. Although s t enters into the region |s t | ∞ < ε within a finite time, it may go inside and outside its boundary becauseV t is not guaranteed to be non-positive inside. If s t leaves the region |s t | ∞ < ε, the sign ofV t becomes negative again according to (17) , which makes it enter the sliding surface.
The Lyapunov function V t in (12) is bounded as follows if s t enters into the region |s t | ∞ < ε:
i,t is bounded becauseh i * is constant, and k i,t is bounded according to Lemma in [16] . It follows then that we have:
wherek M is the maximum value of (18) and (19) together yields: (20) which means that s t is UUB for t ≤ t ε . The fluctuation of the sliding variable s t near the small vicinity of the sliding surface is guaranteed to be upper-bounded by (20) . In summary, s t was bounded, and the error dynamicsė t = −K s e t was asymptotically stable. The system was guaranteed to be bounded input and bounded output (BIBO) stable [25] . 
